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In this paper we prove the following result of Ralph Reid (which was never published nor  
completely proved). 

Theorem. Le t  M be a matroid  coordinatizable (representable)  over a pr ime f ie ld F. Then 
there is a 3-simplicial matroid  J~l' over F which is a series extension o f  M.  

The proof  we give is different from the original proof  of Reid which uses techniques of al- 
gebraic topology. Our proof  is constructive and uses elementary matrix operations. 

1. 

All matroids  considered in the present  paper  are on finite sets. Basic no-  
tions on matro ids  may  be found  in [6]. 

The definition of  simplicial matroids over the rationals, which was in t roduced  
by Crapo  and  R o t a  [3, 4], generalizes to an arb i t ra ry  field [1, 2]. 

Let  A={ao<aa<...<a,,_a} be a finite ordered set. Fo r  every k , O ~ k ~ n ,  

let denote  the set of  all k-element subsets of  A. I f  )~E k we may view X as a 

simplex. Also we may  consider  

(i) ? ) ( O ) = 0  

(ii) 0 ( { % } ) - -  l 

k - - I  

(iii) /)({ai0 < ... < a,~_l}) = Z (- l )~ '{a,0,-- . ,  aij_l, als+~ . . . . .  a,~_~} 
0 

(the " b o u n d a r y "  of  a simplex) as a vector  over  a (commutat ive)  field F. 

Definition 1.1 [1]. A k-simplicial matroid of" order n over af ie ld  I: on a subset E of  

[ k /  is the mat ro id  given by the coordinat iza t ion ( r e p r e s e n t a t i o n ) e ~ 0 ( e ) ,  eEE, 

i.e. {el, e2 . . . .  , e,}C=E is an independent  set o f  the matroid  if and only if {rk(el), ... 
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.... O(e,,)} is a family of  linearly independent  vectors. We denote  by S~[F] the full 

k-si,,,plicial ,,,at,'oid of order ,,, o,'e," a field F, on the set I k  l of all k-subsets of a set A 
of  cardinali ty n. 

Definition 1.2. Let A={ao<al<. . .<a , -1}  be a finite ordered set. For  every 

k . l ~ k ~ n ,  we assume that  the set (A ) is ordered by the lexicographic order. By 

definition a simplicial matrix is the matr ix  S(n,  k ) =  (s~, q) whose rows (resp. columns)  
, ' a N  / / A \ \  

are indexed by the s e t _  _ [ k 2 1  j [ r e s p . _  __[kJJand the coefficientsp.q is zero i f p c k q  

and equals ( - l )  i if ! ) = q - { a ; j } .  q = { a i o <  . . . .  a l j< . . .<alk_~}.  

The  simplicial matr ix  S(n.  k) with entries in F is a representatire matrix of  
the full k-simplicial matroid  S~.[F]. i.e. {x~ . . . . . .  %,} is an independent  set o f  the ma-  
troid S~[F] if  and only if the colunm vectors of  the matrix S(n,  k) indexed by 
x~ . . . .  , x,,, are lineary independent.  

Definition 1.3. Let  M ( E )  be a mat ro id  on the set E, let xEE and suppose y ~ E .  
The series extension o J M  at x by y is the matroid  M '  on EU {y} which has as its 
bases the sets o f  the fo rm (1) or (21): 
(1) B U  {y}, B is a base of  M,  
(2) BU{x},  B is a base of  M and x~B.  

We define a series extension of  a mat ro id  M to be a mat ro id  M '  which can be 
obta ined f rom M by successive series extensions. We say that  the elements e , ,  e~, ..., e, 
of  the matroid  M(E)  are in series if they are coloops,  or  for all i , j ,  l'~i<j<=n, 
{el, e j} is a cocircuit. 

Remark  1.4. Let  E c E "  be two finite sets. The  matroid  M(E' )  is a series extension 
o f  M ( E )  if and only if M ( E ) = M ( E ' ) / ( E ' - E )  and there is a surjective funct ionJ"  
f rom E '  to E such that  the restriction o f J ' t o  E is the identity m a p  o r e  and  for every e, 
such tha t  f - a ( { e } ) =  {e': e'EE" and f (e ' )=e}  is not  a singleton, the elements o f  the 
set f -~({e})  are in series on M(E') .  

Let  N be a matr ix  over  the field /: whose columns are indexed by the set E. 
Let  M (E) be the matroid induced on the cohmms of the matrix N by linear hTdependence 
(i.e. such that  N is its representative matrix).  Let  ea . . . . .  e, be elements in series on 
the mat ro id  M ( E )  and let Ca = {e, . . . . .  e,,, .x-~ . . . . .  x,,}, Q =  {e, . . . .  , e,,. y, . . . .  , y,,,}. 
be two circuits o f  M(E) .  I f  we have 

~;0,.+ /3~.~i=0 and Z c q . ' o i + X / ~ = 0  
I 1 1 i 

~; " 
where ~.~, ~;.//~,/?;E F -  {0} then necessarily ~, ~ = 7 "  ( ~ '  c~; 0~) where 3,~. F -  {0}. 

1 1 

Then,  for every e~, 1 <=i=<n, the mat ro id  M ' = M / { e l  . . . .  , e~_,, e~+, . . . . .  e,} is the 
mat ro id  of  linear dependence o f  the columns of  the matrix N" obta ined f rom the 
matrix N replacing the set o f  colmnn vectors {~t, ..., ~,} by the column vector  

Iz 

i ; = 7 ' .  ~ ~,-0~, where 7"EF-{O}.  l f e ,  . . . . .  e, are coloops  o f  the matroid  M,  then 
1 

clearly M/{el  . . . . .  ei-~. ei+,, .... e , , }=M-  {e~ . . . . .  e,_~, e,+, . . . . .  e,}. 
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Example 1.5. Let N be the matrix below over the field F whose columns are indexed 
by the set {e~ . . . .  , es}: 

e]  e 2 e:~ e 4 e 5 

[ - I  0 0 1 -- 
N =  0 1 0 - 1  

0 0 - !  0 

Let M({ex . . . .  , es}) be the matroid of  linear dependence of the columns of 
the matrix N. The elements e2 and e4 are in series, because the unique circuits which 
contain e,~ (resp. e4) are {e~, e,~, e4} and {e2, e3, e4, es}. The identities g~+Oz+O4=0 
and ~.~+03+~4+G=0 imply that the isomorphic matroids M/{e2} and M/{ea} 
have the matrix N '  below as their representative matrix over the field F: 

N ' =  
- 1  ~ 0 - 

0 0 0 

0 O - I  
where eC["-  {0}. 

2. 

Theorem 2.1. [5]. Let M be a matroid coordinatizable over a prime field F, F = Q  
or F= Zp. Then there is a 3-simplicial matroid M" over F which is a series extension 
o f  M. 

Lemma 2.2. Let q be a positice integer and let n be the integer [3q/2]+3. Then there 

cfi=l or ~ i = - l ,  such that ~ . i .O(T i )=q .O({ l ,2 ,3} ) .  

Proof of Lemma 2.2. Let 7"1 . . . .  , T,, be the triangles of  one of  Figures l or 2. For 
all i, 1 <=i<=m, let cq be equal to 1 or - 1 if the triangle T~ is affected respectively by 
the signs + or - .  The definition of 3 implies that S ~  .O(Ti)=q-O({l ,  2, 3}). Since 
we can generalize the construction of  Figure I (resp. Figure 2) for all even integers 
(resp. odd integers) the lemma is proved. | 

Proof of Theorem 2.1. Let  M be a matroid coordinatizable over a prime field F. 
Without loss of  generality we suppose that M has no loops. For sufficently large n we 
shall prove the existence of a submatrix N" of S(n, 3) (with entries in F) composed 
by some of  its columns and such that the matroid M ' ,  induced by linear independence 
on the N" columns, is a series extension of  M. 

It is clear from basic linear algebra that there exists a representative matrix 
M (with entries in F)  of  the form [I :N]  where I is the r X r  unity matrix and each 
entry a~j o f  the matrix N is a integer. 
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3 3 
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Fig. 1 Fig. 2 

With every non-zero entry as.i of the matrix N, we attach a ihmily of triangles 
A u determined by the following three conditions* (the construction is possible by 
Lemma 2.2)" 

(I) I fv is an integer labelling a vertex of a triangle of the family Aij and if 
v # l , 2 ,  i + 2  then > 73=?'+.3.  

(II) Let AI~={T~ . . . . .  T,,}. Then T~¢ {1,2, i+2}; 1 ~ s ~ m ,  and we have 

o~,.O(Z~)=[%l .0({1,2, i+2}), where the scalars c~ are equal to 1 or - 1  
1 

(in particular, c q = - - i  if 1, i+2,~T~) and [a.~j. l is equal to the absolute 
value o f a  o. i f  F = Q  or equal to a o-if F # Q .  

(III) If  T and T'  are two triangles such that TC-A u, T 'EArj .  and i#i" then 
T O T ' c  {1, 2}. 

We construct the matrix N" (a submatrix of  the sinv)licial matrix S(n, 3)) as 
follows (Conditions 1--6)" 
(1) The first r colunms of the matrix N'  are the columns of the matrix SOt, 3) indexed 
by the triangles {1,2, 3} . . . .  , {1,2, r+2}. 

Let a;~j., ..., a~,,~, be tile non-zero entries of the column j of the matrix N. The 
column .i of  N creates the following columns in the matrix N" (Condition 2 refers to 
the case h = l  and Conditions 3 ~  refer to the case h~2) :  
(2) If h =  1 (i.e. if there exists only one non-zero entry in the colunm./" of N) then 
the columns of S(n, 3) indexed by the triangles Ahj are columns of the submatrix N'. 

Suppose that h~-2. 
(3) For every family zll. i of triangles let {1,2, %} be its first triangle (in the lexico- 

* The vertices of  the triangles A~j are labelled by integers. We identify a triangle to the 
set of  the integers labelling its vertices. 
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graphic order of its vertices). Then the columns of S(n, 3) indexed by the triangles 
i h 
U (A~.i-{1, 2, c~J) are columns of the submatrix N'. 

s=i~ 

(4) Let v be the greatest integer labelling a vertex of a trianNe of U. A u. Then the 

columns of S(n, 3) indexed by the 3 h - 2  triangles appearing in Figure 3 where 
. L = v + ( j - 1 ) . 2 r + s ,  l<-s<=2h, are columns of the matrix N'. (Note that the h 

• " ~ l~s<=h, are removed in Figure 3. (h=3)) triangles {1,.1,_,~_1, Y-~y, 

~ J z  

Fig. 3 

Suppose that F = Q .  
(5) For every positive (resp. negative) entry airy, 1 <=s<=h, of the column j of N, 
the colunms of S(n, 3) indexed by the four triangles appearing in Figure 4 (resp. 
Figure 5) are columns of N'. 

Suppose that F # Q .  
(6) For every entry a~,y, 1 <-s<=h, of the column j of N, the columns of S(n, 3) 
indexed by the four triangles appearing in Figure 4 are columns of N'. 

1 

2 
cx x 2 

is) i s )  

Fig. 4 Fig,. 5 

We remark that the columns T1, ..., T,,,, of the matrix S(n, 3) associated by 
Col~ditions 2--6 to the column j of N, are (by construction) in series in the matroid M" 
induced on the N" columns by linear hTdependence. 

Let ail.i .. . .  , ai~,y be again the laon-zero entries of the column j of N. We claim 
h 

that the column vectors of N'  indexed by the triangles U {1,2, i s + 2} U T1 U... U Tin,, 
S = I  
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constitute a circuit of the matroid M' .  To see this we note that Conditions 2~6  imply 
that there are scalars ~ equal to 1 or - 1  such that 

m ' h 

(a) 7~ ~,.a(r,) = ~ a~j.O({l, 2, is+2}). 
i = 1  s = l  

Thesubmatrixof S(n ,3)composedbyi t s (n21) las trowsiso f  thefornl[I::S(n - 1,3)], 

where S ( n - 1 ,  3) is also a simplicial matrix. Since the rank of the full 3-simplicial 

matroid Sg[F] is "{n; 1]," this matrix is also a representative matrix of the matroid 

Sg[Fl[21. HencethesubmatrixN"of N'composedbyits(n21}lastrows is a l soa  

representative matrix of the matroid M'. We note that N"  is of the form O i B  

where 1 is the r×r  unity matrix. Let ~ ;  .... T,,,,,, be the column vectors of N"  atta- 
ched to the column vector j of N. Then by the equality (a) above, the vector 

in' 

z~ c~f~ (where the u,.'s are the scalars determined by the equality (a)) has its first r 
i = 1  

entries equal to the corresponding entries of the column vector j of N and the remain- 
ing entries equal to zero. This implies, by Remark 1.4, that the matroid M" is a series 
extension of M. | 

3. 

Let ~//3,4 be the uniform matroid of rank 3 on 4 elements. It is clear that the 
following matrix A, over the field Q, is a representative matrix of  the matroid ~/L% 4 [ 00 

A =  1 0 
0 1 -- 

We will illustrate Theorem 2.1 by constructing a submatrix N" of S(16, 3) 
composed by some of its columns and such that the matroid M',  induced on the N" 
columns by linear independence, is a series extension of 8/3,4. (We remark that 
~3,4 is a 3-simplicial matroid because S(4, 3) is also a representative matrix of the 
matroid 8/3,4. ) Triangles like {1,2, 3} will be abbreviated like 123. 

By definition the matrix N" is the submatrix of S(16, 3) composed of the fol- 
lowing columns : 

(i) By Condition 1, the columns indexed by the triangles 123, 124, 125; 
(ii) By Condition 3, the columns indexed by the triangles 

Al1-{1,2,  6}UA2x-{I, 2, 7}UAal- {1, 2, 10} , 

where (by Conditions I--III)  
An = {126, 136,236} 
A21 = {127, 128, 147, 149, 189, 248, 249, 279, 478, 789} 
% = {{1, 2, 10}, {1, 5, 10}, {2, 5, 10}}; 
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(iii) By Condition 4, the columns indexed by the triangles {1, 11, 16}, {1, 12, 13}, 
{1, 14, 15}, {11, 12, 13}, {11, 13, 14}, {11, 14, 15}, {11, 15, 16}; 
(iv) By Condition 5, the columns indexed by tile triangles 

{1, 2, 11}, {1, 6, 12}, {2, 6, 12}, {2, 11, 12}, 
{1,2, 13}, {1, 7, 14}, {2, 7, 14}, {2, 13, 14} and 
{1,2, 16}, {1, 10, 15}, {2, 10, 15}, {2, 15, 16}. 
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